TENSOR PRODUCT VARIETIES, PERVERSE SHEAVES, AND 

STABILITY CONDITIONS 



YIQIANG LI 

Abstract. We show that the space spanned by the class of simple perverse sheaves in |Zh08) 
without localization is isomorphic to the tensor product of a Verma module with a tensor 
product of irreducible integrable modules of the quantum enveloping algebra associated 
with a graph. Under the isomorphism, the simple perverse sheaves get identified with the 
canonical basis elements of the tensor product module. We also show that the two stability 
conditions coincide in the localization process in |Zh08| . by using supports and singular 
supports of complexes of sheaves, respectively. 



1. Introduction 

Let U be the quantum enveloping algebra associated with a graph F without loops. Let 
M\, T\ and V\ be the Verma module of U of dominant highest weight A, its maximal 
submodule and its simple quotient, respectively. 

In his paper |Zh08] . Zheng gives a geometric realization of the tensor product V\* of 
irreducible integrable representations of U. In the paper, Zheng defines a class V of simple 
perverse sheaves on the frame representation varieties of an oriented graph whose underlying 
graph is T. He then shows that, after localization, the space spanned by the class V is 
isomorphic to the tensor product V\» and V is corresponding to the canonical basis of V\» . 

The localization process eliminates extra elements in V in order to obtain V\». This is 
similar to the process of obtaining Nakajima's quiver varieties from Lusztig's quiver varieties 
in |N94j . The stability condition used in the localization process in |Zh08] utilizes the notion 
of the support of a complex of sheaves. On the other hand, the notion of the singular support 
of a complex of sheaves can be used to define the stability condition in the localization 
process, which is more global because it does not involve the orientation of the given graph. 
It is not clear if the two stability conditions for the localization process by using the notions 
of support and singular support, respectively, are equivalent to each other. This question 
leads us to study the class V without taking the localization process. 

It turns out that the space spanned by the class V without localization is isomorphic to 
the U-module M ® V\* and, under this isomorphism, the set V becomes the canonical basis 
(or global crystal base) of M <g> V\» defined in |L93j . Along the way to prove the above 
result, we show that the singular supports of the simple perverse sheaves in V are contained 
in certain varieties TL and the irreducible components of which have a crystal structure 
isomorphic to the tensor product crystal of the canonical basis of Mq with the canonical 
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basis of V\». The quotients of the subvarieties of stable points in II by certain algebraic 
groups are Malkin and Nakajima's tensor product varieties ( [NOll lM03j ). As a consequence, 
the two stability conditions of localization are the same because they both characterize the 
submodule T <g> V\>. Our arguments also produce a new proof of the fact that the space 
spanned by the class V, after localization, is isomorphic to the module V\» and the elements 
in V survived after localization are the canonical basis elements of V\» . 

A slight modification of the definition of the class V gives rise to a geometric realization of 
the tensor product of a Verma module of dominant integrable highest weight with V\» and 
its canonical basis. 

Note that the modules M <g> V\» and their variants are projective objects in the Bernstein- 
Gelfand-Gelfand category O of U. It is interesting to find a natural way to single out all 
indecomposable projective objects in category O from these modules. 
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2. Preliminaries 

2.1. Quantum groups. Let T be a graph without loops. This is meant to say that we are 
given two finite sets I and H, together with three maps ~: H — )■ H, '," : H —> I, such that 

h = h, {h)' = h", and ti + h", Vh G H. 

Let Y = Z[i], X = Hom(Z[7], Z), and (, ) : Y x X — > Z be the canonical pairing. Let 
a; G X, for % G J, be the elements defined by (z, ay) = 2fiy — G H\h! — i, h" = j}. The 
datum (X, Y, (, ), {i G Y|z G I}, {on\i G J}) is the so-called simply connected root datum. 

The map % \- > on defines an inclusion Z[J] ■=-)■ X. If z/ G Z[J], we write z/ G X to represent 
its image. Let 

X + = {A G X|(i, A) > VzG/}, 
be the set of dominant weights. 

Let U be the quantum (enveloping) algebra associated with the above simply connected 
root datum. This is an associative algebra over Q(i>), the field of rational functions over Q, 
with generators E i: F i: K; t and K^ 1 for any i G I and subject to the following relations: 

(Ua). tf = l, KiK-i = l, K i K j = K 3 K i , 
(U6). K t E 3 = v^EjKi, KiFj = v^FjKi, 

(Uc). E i F j -F j % = h K j-*? , 

(Ud). f (-ljff^W^-^O, V^je/, 

p=0 

( Ue )- E ( _1 ) P [ l ~f j) ] Fi F j F i~ {i ' j) ~ P = 0, V* + j G 7, 

p=0 

where we use the following notations 

W = ^S» VseZ ! [8] l = [8][8-l]~.[l], [^]= V S >tGN. 

The algebra U is equipped with a Hopf algebra structure whose comultiplication is defined 

by 

A(Ei) = Ei ® 1 + Ki <g> Si, A(Fi) = <g> + 1 ® F i; A{K i ) = K i ®K i , Vz G I. 
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Let U~ be the negative part of U, i.e., the subalgebra of U generated by for any i G I. 
Let U + be the positive part of U generated by the elements Ei for any j 6 /. Let U° be the 
zero part of U generated by the elements K±i for any i 6 /. Then we have 

U = U+ ® U° <g> li- 
as vector spaces. We also set U-° = U° ® U + , the Borel subalgebra of U. 

Note that U - has an N[/]-grading by defining deg(Fj) = i for any i & I. Let U~ be the 
subspace in U - consisting of the homogeneous elements of degree v. We have 

U" = ©^n[/]U;. 

On U _ , we can define a unique Verma module structure of U with highest weight A G X 
such that 

Ki(x) = v (i > x ~ u) x, Fi(x) = FiX, and ^(1) = 0, VigU;,jG/. 

We write M x for U - together with this U-module structure. Let T x and V\ be the maximal 
submodule and simple quotient of M x . If A G X + , then T x is the left ideal of generated 
by the elements F^' X ^ +1 for any i G /. We have a short exact sequence of U-modules: 

(1) -> T x -> M\ ^V x ^0. 

The modules T\ and V x are compatible with the grading on M\. In other words, 

T x = ® ueN[I ]T x ^, T Ai , = T A nU; and V x = ®„ em V Xi „, V X)U = \J~ /T x ^ u . 

For any two U-modules M\ and M2, we can define on the tensor product M\ ® M2 a 
U-module structure via the comultiplication of U. Let Q(v) x be the one dimensional U-° 
module such that Ei(f) = and K±if = v^ ±hX ^ f for any / G Q(v) and i E L The Verma 
module M x is the induced module U®u>o Q(v) x . We have the following Frobenius property: 

(2) Homu(M g> M x , N) ~ Homu>o(M ® Q(V) A , JV). 

Let A be the subring of Laurent polynomials in Q(v). Let F/ n) = F t n /[nf. The A-form 
aU _ of U _ is the subalgebra of U _ over A generated by the elements for i G / and 
iiGN. 

The A-form ^U of U is defined to be the subalgebra of U over A generated by F^ , 
and K±i for any i G I and n G N. Here E$ is defined in a similar way as . 

The A-form aU _ is compatible with the grading on U - , i.e., aU _ = ©^ g n[/] aU~, aU~ = 

iU-nU;. 

The A-form ^U - is also invariant under the action of aU on M x , denoted by &M\- Similarly, 
we can define the A- forms, ff x and &V\, of the modules T x and V x , respectively. Thus we 
have the following short exact sequence 

(3) — >■ &T X — >■ A M A ->• aV a ->• 0. 

2.2. Crystals. We recall from [KS97] the definition of a crystal. By definition, a crystal is 
a set B equipped with five maps: 

wt : B -> X, 

(4) £j : B -> ZU {-00}, ^ :5 ^ Zu {-oo}> 

^ : 5 ->■ B U {0} and }\:B^BU {0}, 
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and subject to the following axioms. 



(CI) 


<Pi{b) =e<(6) + (i,wt(6)). 






(C2) 


wt(gj6) = wt(fo) + a h E^b) = 


- 1 and ipi(eib) =ipi(b) + l, 


if b, eib G B. 


(C2') 


wt(/i6) = wt(6) - o<, £»(/<&) = 


e<(6) + 1 and <Pi(/i&) = y><(6) - 1, 


if b, fib eB 


(C3) 


6' = e^fo if and only if 6 = /^fe', 


for b,b' E B and i G /. 




(C4) 


ej& = fib = 0, if ifii(b) = -oo. 







By convention, we set wtj(&) = (z,wt(&)). 

The tensor product B\ ® i?2 of the two crystals B\ and I?2 is defined as follows. As a set, 
Bi<S> B 2 = {b\ ® £>2 1 £»i G &2 G B 2 }. The five maps on £?i g) £? 2 are defined by 

wt(&i ® b 2 ) = wt(6i) + wt(& 2 ), 

£i(&i ® 62) = max(£j(6i), £i(6 2 ) - wt;(6i)), ^(61 <g> & 2 ) = max(</?i(&i) + wtf(6 2 ), fiih)), 

„ n \e i b l ®b 2) (fiiih) >£i(6 2 ), \fibi®b 2 , tpifa) > ^(62), 

ei(&i®&2) = < „ ' . M&i ® 62) = <, „ y, . 

I 01 (8) ej02, otherwise, I 01 (g) /i0 2 , otherwise. 

A crystal morphism ^ from 5 X to -B 2 is a map tp : Si U {0} -> B 2 U {0} satisfying the 
following conditions: 

(5) V(0) = 0, 

(6) wt(V(6)) = wt(6), ei (^(6)) = £,(&) and ^(&)) = ^(6), 

(7) if = for b, b' G -Bi and i & I and ip(b),if)(b') G -B2, then we have fi{ipb) = ip{b'). 
A strict crystal homomorphism is a crystal morphism commuting with the maps e.{ and 

fi- 

A strict crystal isomorphism is a bijective strict crystal homomorphism. 

We denote by B(X) the crystal associated with the crystal base of the irreducible integrable 
representation V\ of highest weight A. We also denote by B(X, 00) the crystal associated with 
the crystal base of the Verma module M\ of highest weight A. 

3. A CLASS OF U-MODULES 

3.1. Verma module structures on U . In this section, we write 9i for the element Fi in 
U~ to avoid confusion with the action Fi. Recall that the algebra U~ has a Verma module 
structure of highest weight A G X defined by 

(8) Ki(x) = v {i ' x ~ lxl) x, Ei(l) = and F^x) = 6 iX , 

for any x G U~ homogeneous, and |x| denotes its degree. Note that the commutator relation 
can be rewritten as 

(9) EiiOjx) = 9jEi(x) + Sij[(i, A — Wx G homogeneous, i,j G J. 
Recall from [L93j . there is a unique Q(w)-linear map 

if : IT -»■ U 
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defined by 

jf(l) = 0, if(9j) = 5ij, if(xy) = if(x)y + v^~^x if(y), Vx,y homogeneous. 
Similarly, there is a unique Q(v )-linear map 

fi : IT -> IT 

defined by 

fj(l) = 0, rj(0j) = fi(xy) = v^ l '' v ^fi(x)y + xfi(y), Va;,y homogeneous. 
We have 

Lemma 3.1.1. For am/ homogeneous element x G U~ ; 

(10) = (v^fi(x) - v-^-W+V t f{x))/{v - V 1 ). 

Proof. Let Ei(x) denote the right hand side of the equation (1101) . Then by induction and 
using the definition of jf and fj, we have 

[Ei, Fj\{x) = 8 ij Ki ~ K -\ x), Vx G U- 
v — v^ 1 

From this, we have 

[E l -E i ,F j }=^ Vijel. 

Observe that (Ei — Ei)(l) = 0. By using the fact that the monomials in U~ span the space 
U~, one can show, by induction, that Ei(x) — Ei(x) = for all x G by using the above 
identity. □ 

Given any two weights A and A' in X, we shall compare the actions E^s that define the 
U-module structures on U~ as M x and M x +y, respectively. To avoid confusion, we write 
Ef for the E^ action on U~ defining the Verma module M\ structure. Let £\ denote the 
unit 1 in U~ if it is regarded as the Verma module M\. 

By applying (jUj) repeatedly, we get 

EttOh ■ ■ ■ o^tx) = KE^K ■ ■ ■ + s Ul X-J2 K--- OiM 

m / m \ 

= £ s Uk [(*, a - £ e tl ■ ■ ■ ■ ■ • e iM- 

k=l \ n=k+l / 

In short, we have 

r / m \ 

(11) E?(0 tl ■ ■ ■ 9 t M) = £ Su h [(i, A - £ aO] K • ■ • Vi^ " " * 

fe=l \ n=fc+l / 

Observe that 

[a + 6] = v 6 [a]+tT°[&]. 

From this and ffTTj) . we have 
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m 

= v^E x {6 n ■ --e^x) + $> fc (^^^[(i, A')]) ^ • • • • • 

k=l 

m 

= v^E x (e h ■ ■ ■ eax) + v- {i ' X) [(i, a')] ■ ■ ■ Vi^ • • • 

/c=i 

Recall from [L93J, there is a unique Q(u )-linear map 

: IT -> U" 

defined by 

r;(l) = 0, j-j(0 3 -) = 5ij and r^xy) = v {l ' M) ri(x)y + xn(y). 
From the definition of r i; we can prove by induction that 

m 

r^n ■ ■ ■ e im ) = 8 iik v^=^) 9ii . . . ifc _ A+i . . . e lm . 

k=l 

So we have 

E x+X ' (x£ x+x ,) = v^E^ x )+v-^[(i,X')]n(x). 
The formula can be rewritten as 

(12) E*(x£ x ) = v-^E^ x '(x^ +y ) - v~^ x+x \i, A')h(x). 

Note that 

ri(x) = v^ l '' x '~ ai ' if(x), Vx homogeneous. 
By combining (jT2]) and this, we have 

Lemma 3.1.2. E x (x£ x ) = v'^ E x+X ' (x£ x+x ,) - v -(vM-A'-M+«i)[(^ A')] ^(x), for any A and 
A' in X and any homogenous element x G U~. 

This is the quantum analog of Lemma 10 in [GLS06J. 

3.2. The module K'(d'). Let T be the framed graph of T. This is a graph obtained from T 
by adding an extra copy of the vertex set, denoted by I + = G I}, and an edge joining 
i and i + for each i G /. 

Let K be the negative part of the algebra Up and we still write 6j for the generators 
Fj in K when we regard it as a U r -module. By Section 13.11 K can be made into a Verma 
module of U r of highest weight A = 0. Since T is a subgraph of T, we see that U = Ur is a 
subalgebra of Up. By restriction to U, we see immediately that K is a U- module. 

We would like to investigate the structure of the U-module K. For any a G N[I], where / 
is the vertex set of T, we write a = olj + «/+ where olj is the part supported on / while aj+ 
the part on J + . For any d = ^2 ie jdii e ^l/L we se ^ 

K d = {x G K||x| /+ =J2 d i i+ }- 

i&I 
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By induction, and using [37TI (2). we see that K d is a U- module. Moreover, we have 

(13) K = © deZ ^ o[/] K d . 
For simplicity, we set 

0<i = Y[6l d +\ VdGN[/]. 

iei 

Note that there is no ambiguity for the product since the generators 6 l i + commute with each 
other. For a sequence d* = (d 1 , ■ ■ ■ , d m ) of nonzero elements in N[i], we set K'(d*) to be 
the subspace of K spanned by the elements of the form 

Xi8 dl x 2 d d2 x 3 ■ ■ ■ x m 6 dm x m+ i 

where xi, ■ • • , x m+ i G and regarded as elements in K by the embedding U~ — > = K. 
Then, it is clear that K'(d') is a U-module. In fact, we only need to check elements of the 
above form are stable under the Ei action. This can be proved by induction on \x\i and 
using again the recursive formula 13.11 (JHJ) • We set 

|d'| =d 1 + --- + d m . 

Now Section 13.11 ( 1131) can be rewritten as 

(14) K = J2 K '( d ')' 

d€N[J] d*:|d*|=d 

Thus to study K, it reduces to study K'(d*). 

To each d G N[i], we fix a A G X + such that (i, A) = dj for any i G /. Define a linear map 

(j)' : M -»■ K'(d) 

by sending x£o G M to 6 d x. One checks immediately that the following condition ffl5|) holds 
for 0': 

(15) K i <f/(x)=v^(f/(K i x), E i <f>'(x) = <f/(E i x) VxeV^iel. 

In other words, <p' is a U-°-module homomorphism from M (g) Q(v)\ to K'(d). So, by 
Frobenius reciprocity (|2]), we have a unique U-module homomorphism 

(16) <f>' x : M ® M A -> K'(d) 
sending x^o <8> to 8 d x, for any x G U~. Moreover, we claim that 

(17) 0' A (M o <g)T A )=O. 

This claim can be shown by the following two steps. The first step is the observation that, 
with p = (i, A) + 1, 

(p'Mo ® ( rHx) = ^(-lfv-^-^-^dA y, y G U _ , m G N. 
This identity can be proved by induction on m. If m = p, it simplifies to 

\t=0 J \t=0 J J 
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The term E^-l)^?* - '^?^ is equal to zero because it is exactly the higher order 
quantum Serre relation fij- n ,m,e with i = i, j = i + and m = n + l= pm the algebra f 
attached to the graph T in [L93I 7.1.1]. So we have 

0aG/£o ® 0f +1) 6O = 0, Vt/GU-. 

The second step is to observe that 

0a(!/6 ® x9f i+1 ^ x ) = 0, Vx, y G U-, 

which can be proved by induction on the degree of x. The claim follows. 

Now, from ( fl6|) and (ITT]) , we see that A factors through the module M ®Va. In particular, 
we have a surjective homomorphism of U modules 

(18) ip' x : Mo <g> Vx -» K'(d). 

Let T'(d) be the submodule of K'(d) generated by the elements Xi6 d X2 such that £2 is 
homogeneous and of degree 7^ 0. In other words, T'(d) = Y2i ieI Uid A Xi9i : where Xi,yi G U~. 
Then the restriction of ip' x to the submodule T ® V x has image T'(d). Thus we have the 
following commutative diagram: 

► T ® V x > M ® V A ► Vf, ® Vx = ► 

► T'(d) ► K'(d) r V'(d) > 0, 

where we set 

V'(d) = K'(d)/T'(d). 
From the fact that i[)' x is surjective, we see that ip x is surjective: 

(19) $ x : V x -» V'(d). 

Since Va is simple and the generator 9 A is not in T'(d), we see that ip' x is an isomorphism. 
We now generalize (fTBj) and ffl9l) to arbitrary cases. 

For d* = (d 1 , ■ ■ • , d^), we set d ,_1 = (d 2 , ■ • ■ d^). Let A' be the chosen element in N[I] 
such that (i, X 1 ) = d\ for all I = 1, • • - , N. Let A* = (X N , ■■■ , A 1 ). Note that A* is in the 
reverse order of d\ We set 

V x - = V x n®---®V x i. 

Define a linear map 

0' A . : K'(d- X ) -> K'(d') 

by 4>' x .(x) = 9 dl x, for any x G K'(d* _1 ). One checks again that the condition ffl5l) holds. So 
we have a unique U-module homomorphism 

4>' x . : K'id- 1 ) ®M A i -)• K'(d'). 

sending x®^ 1 to # dl £. Moreover, we may again prove that 0'(K'(d ,_1 ) (8>T A i) = in exactly 
the same manner as the proof of ffTTj) . So </> A . factors through the module K'(d ,_1 ) £g> V x i. 
In particular, we have a surjective algebra homomorphism 

ip'x* ■ K^d- 1 ) ® V A i -)-K'(d'). 
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Let T'(d*) be the submodule of K'(d') spanned by the elements Xi9 dl x 2 9 d2 x 3 ■ ■ ■ xn9 aN x^+i 
such that is x^v+i homogeneous and of degree > 0. Let 

V'(d') = KVVT'Cd*), 

be the quotient module. By induction, the homomorphism V^.-i -» K / (d ,_1 )/T'(d ,_1 ) 
is surjective. Moreover, ^.(T'(d ,_1 ) (g> V\i) = T'(d'). So the morphism ip' x . induces a 
surjective homomorphism of U modules: 

$ x . :V» -» V'(d"). 

Summing up, we have the following proposition. 

Proposition 3.2.1. There is a unique surjective XJ-module homomorphism 

V A . :M ®V X . -»K'(cT), 

sending x£ <S> C,x N ® ' ' ' ® ^a 1 t° 9 dl 9 d2 ■ ■ ■ 8 d x for any x G U~. Moreover, it induces a 
surjective homomorphism ofXJ-modules tp x . : V\» -» V'(d'). 

3.3. The module K(d*). Let K(d') be the subspace of K'(d') spanned by the elements of 
the form 

x 1 e dl x 2 e d2 x 3 ---x N e dN 

for any xi, ■ • • , Xn G U~. 

Note that by taking d N = 0, we have K(d') = K'(d') with d* = (d 1 , • • • , d^ 1 ). 

By a similar argument as in Section 13. 2\ we have a unique surjective U-homomorphism 

(20) ■ M x n <g> V x n-i <g> • • • <g> V x i -» K(d'), 

sending x£\n <S> ■ ■ ■ <8> £a x to 9 dl ■ ■ ■ x9 dN for any x G U~. 

Let T(d') be the submodule of K(d') spanned by the elements X\9 d x 2 9 d x% ■ ■ ■ Xpj9f i+1 9 d 
for any i G I and Xi, ■ ■ ■ ,X]y G U~. Let 

V(d')=K(d')/T(d-), 

be the quotient module. Since ip\»(T X N <S> V\jv-i <S> ■ ■ -<8> V\i) C T(d*), we see that ip\» factors 
through the following surjective morphism 

: V x . -» V(d'). 

Remark 3.3.1. (1). When N = 1, the isomorphism ^> : M\ — > K(d*) is obvious. 

(2). When N = 2, the morphism ip x : M ® V x i — )• K(d*) is an isomorphism, which is 
proved in Theorem 17.6.11 geometrically by identifying K(d") with the module JCd*- Since 
the map x\9 d x 2 x\9 d x 2 9 d defines an isomorphism Mq eg) V\i — > M\i £g> V\i, as vector 
spaces. So the morphism : M\2 <8> V\i — >■ K(d') is also an isomorphism. However, ip' x . 
and i/j x . are Not isomorphic in general. Indeed, we have K(d*) = K(d) in sl 2 case. Details 
will be given in a forthcoming paper. 
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4. Tensor product varieties 

4.1. E(V). Recall from Section I2TT1 that T = (I,H) is a graph. For any finite dimensional 
/-graded vector space V over C, we define 

E(y) = ® heH Hom(y h ,,V h ,,) 

to be the representation space of the graph T of dimension vector v = Y^iPi di m Vii. 

An element x G E(V) is called nilpotent if there exists an integer n such that for 
any sequence hi,-- - ,h n of arrows such that h" = h' 2 , h" n _ x = h' n , the composition 
Xh n Xh n ^ ■ ■ ■ x hl is equal to 0. 

For any element x G E(V) and /-graded subspace W C V, we say that W is x-invariant 
if Xh(Wh>) C Wfj// for any h E H. In general, for any /-graded subspace U in 1/, we write 
U for the smallest x-invariant /-graded subspace in V containing U, and U_ x for the largest 
x-invariant /-graded subspace contained in U. Whenever there is no ambiguity, we write U 
and U_ for U and U_ x , respectively. 

Suppose that W is an x-invariant /-graded subspace. Let T = V/W and fix an isomor- 
phism V=W © T. Then by restricting x to W, we obtain an element x ww G E(W / ). By 
passage to quotient, we obtain an element x TT G E(T). The element x WT is the collection 
of linear maps Xh : Tjy — >■ WV' for h & H. In other words, the ^-component x^ of x can be 
written in the following block form: 

(WW WT\ 
Xk x\ T .) '■ Wh ' ® Th ' ^ Wh " Tft "- 

Moreover, one can show that 

(22) x is nilpotent if and only if x TT and x ww are nilpotent. 



4.2. E(V, D). Recall that F is the framed graph of T. We fix a finite dimensional / + -graded 
space D. Thus, the space 

(23) E(V, D) = E(V) © Hom(L>, 1/) © Hom(V, D), 

where Hom(V, /}) = ©j g /Hom(Vi, Dj) and Hom(D, V) is defined similarly, is the representa- 
tion space E(V © D) of the framed graph f . We shall identify E(V) with E(V, 0). 

Elements in E(V, £)) will be represented by X = (x,p, g) with x G E(V), p G Hom(D, 1/) 
and g G Hom(V, D). We also write 



(24) X(i) = 01 h = gi ©0x h and = ^ = + ^ 

fcef her her h ,f r 

h'=i h'=i h n =i h"=i 

The group Gy := Yiiei GL(T^) acts on E(V, £)) by conjugation, i.e., 



9h"X h g h }, ifti,ti'el, 
!,.X: X". X 9 h = { qi g-\ ifh"?I, VgeG v ,XEE(V,D). 

giPi, if ti <=£ I, 



12 YIQIANG LI 

4.3. Lusztig's and Nakajima's quiver varieties. Let e : H — >■ {±1} be a map satisfying 
e(h) + e(h) = for any h G H. The variety Ay,D is the subvariety of E( V, -D) consisting of 
all elements (x,p,q) such that 

e(h)x h x- h - p^i = 0, Vi G J. 

h£H:h"=i 

Let Ay®£> C Ay,D be Lusztig's Lagrangian nilpotent variety ( |L90bj . |L91j ) attached to 
the graph T. More precisely, this is a closed subvariety of A Vj d determined by the conditions 
that X is nilpotent and qiPi = for any i G I. We write Ay for Ay ffi0 , which is a closed 
subvariety in E(V). Let 

Ly D = Ay x Hom(V, D), 

and L FD be the open subvariety consisting of all elements X such that X(i) (see (JMD) are 
injective for any i G /. It is well-known that Ly£> and Ly D are pure dimensional, i.e. all 
irreducible components have the same dimension: 

(25) dimLyo = dimL^ c = -dimE(V,D). 

Note that Gy acts freely on Ly D and its quotient £yr> = Gv\Lv,d * s the Lagrangian 
fiber of Nakajima's quiver variety ( [ N94] ) . 

4.4. Tensor product varieties T1v,d* • We fix a decomposition 

D = D 2 © D 1 , with dim/) 2 = d 2 and dimD 1 = d\ 

and a flag D* = (D° D^D D 2 ) where D = D°, D 1 = D 2 and D 2 = 0. 

Let Uv,D m be the closed subvariety of Ay£> consisting of all nilpotent elements X = (x,p, q) 
such that 

(26) pjD) C q~ l {D 2 ) and p(D 2 ) = 0, 

where the notations are defined in Section 14. 11 (When D 2 = 0, the geometry of Hv,D m 
corresponds to the module K'(d) in Section [3721 ) 

Let IIy£). ; j,2 be the locally closed subvariety of Hv,D' consisting of all elements such that 
dimq~ 1 (D 2 ) = v 2 . 

Fix an /-graded subspace V 2 of dimension v 2 in V. Let Yl VD ».y2 be the closed subvariety 
of IIv^.;^ consisting of all elements such that q~ l (D 2 ) = V 2 . 

Let V 1 = V/V 2 and fix a decomposition V = V 2 © V 1 . Then D 2 © V 2 is X- invariant for 
any element X G Hv,d*;V 2 - Thus to each element X = (x,p,q) G Uv,d*;V 2 , attached the 
elements 

(27) X = (x ,p ,q ) G Ayi jD i, A = (x ,p ,q ) G Ay 2jD 2, 

and (x v2vl ,p^ 2Dl ,g D2yl ) just as in (HQ. Since X is nilpotent, so are X 1 and X 2 by (|22|). 
Moreover, by the condition (1261) . we see that 

p vlDl =0 y p v2D ' 2 =0 and kerX 1 (z) = 0, Vie/. 

From the above analysis, the assignment X h-> (X : ,X 2 ) defines a morphism 

(28) P : riy£). ; y2 — >■ Lyi j£)1 X Ly2 D 2. 



TENSOR PRODUCT VARIETIES, PERVERSE SHEAVES, AND STABILITY CONDITIONS 13 

Lemma 4.4.1. The morphism p is a vector bundle of fiber dimension 



(29) E«-+E^+E^-E^ 



heH i€l i€l iei 



Proof. The proof is the same as the proof of Proposition 2.7 in [M03]. By keeping in mind 
the result (122]) . the fibre of p under a fixed point (X l ,X 2 ) is isomorphic to the vector 
subspace in © ?ie ^Hom(V h 1 ,, V 2 ,,) © Hon^D 1 , V 2 ) © Hom(V rl ,D 2 ) consisting of all elements 
{x v2v \p v2D \q D2yl ) such that 

(30) E ^)(4 2V2 4 2y V4 2Vl 4 1Vl )-Pr Dl ?r yl =0, ViG/. 

heH:h"=i 

So the fibre p~ 1 (X 1 ,X 2 ) is isomorphic to the kernel of the following linear map 
/ : ® heH Rom{V^, V%„) © Homp 1 , V 2 ) © HomfV 1 , D 2 ) ->■ Hom(V\ V 2 ) 

given by 

y 2 y* y 2 d 1 D 2 y x \ . / /7\/ y 2 y 2 y 2 y* . y 2 y* yiy 1 ^ y 2 ^) 1 D^ 1 



( E < h )( 

\heH:h"=i 



The condition that X 1 is in D1 implies that / is surjective. 
Indeed, let us consider the trace map 

tr : Rom(V\V 2 ) x Hom(K 2 ,\/ 1 ) C, (p y2y \p yly2 ) M- ^tr^Pp' 3 ), 

iel 

where tr(p y2yl p yly2 ) is the trace of the endomorphism. Let f 1 - be the perpendicular space 
of im(/) with respect to the trace map tr. Given any q v v in f^~, we have 

E e{h)iir{ X r v \t vi q r v2 ) + ^v vi *v v \r v2 )) - ^ P r D \? v \r v2 ) = o, 

heH:h"=i 

for any triple (x y2yl ,p y2Dl , q D2yl ) and i E I. This implies that 

tr(*r y2 * y2yi g r y2 ) = o, tr( X r vi xt vi q r v2 ) = o, tr&rv iv \r v2 ) = o, 

for any triple (x y2yl ,p y2Dl , g D2yl ), any i G / and h E H such that h" = i. Since x y2yl and 
p v D are arbitrary, the last two equations imply that 

x W q yW =Q and q D^ q v^ = ^ V «G/,/iG# such that h" = i. 

This is to say that im(g yly2 ) C kerX 1 (z) for any i G I. But the fact that X 1 G L yD implies 

that im(g yly2 ) = for any i G I. In other words, /- 1 = {0}. Since the trace map tr is non 
degenerate, / is surjective. 

It is obvious that the dimension of the kernel of / is exactly (1291) . The lemma follows. □ 

Given any variety n, we denote by Irr II the set of all irreducible components of II. 

Proposition 4.4.2. The following statements hold. 

(1) PI^D^y 2 has pure dimension of dimension 1 dimE(V,.D) — Yliei ^l^I ■ Moreover, 
#IrrIL/ iD ..y2 = #Irr(L^ l£)1 x L V 2^ D2 ). 

(2) IIv,£). ;i ,2 has pure dimension of dimension 1 dimE(V, Z?). 
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(3) Hv,D' has pure dimension of dimension ■= dimE(V,Z)). 

(4) #Irr Uv,D' — XV 1 v 2 ^ YT (^v 1 d 1 x ^- , v 2 ,d 2 ), where the sum runs over the represen- 
tatives (V 1 , V 2 ) of (z/ 1 , v 2 ) such that v 1 + v 2 = v. 

Proof. The first statement follows from the fact that p is a vector bundle and that ~Lv,d and 
Ly^, are of pure dimension. The dimension of Ylv,D'-v 2 can be computed by using (125]) and 
fl2H]). 

Let Gr(z/ 2 ,V) = x i& iQi(v 2 , V*) be the product of the Grassmannian of i/ 2 -dimensional 
vector subspaces in Vi for i G /. The assignment X i-> q~ l (D 2 ) defines a surjective morphism 
Hy^.^a — )■ Gr(z/ 2 , V). It is clear that the fibre of the morphism at V 2 is U VD *. V 2 and the 
dimension of Gr(V 2 , V) is ^ ieJ ^i 1 ^ 2 - The second statement then follows. 

Since Hv,v = ^u 2 ^-v,D'-,u 2 , the third statement follows from the second one. So is the 
forth statement. The proposition is proved. □ 

4.5. Finer structure on Tlv,D m - For any i E I and n6N, let 

i >n Il V)D * = {X e n V)D *\dimVi/(i)X = n}, 

where (i)X is defined in ( 124"]) . Suppose that the vector subspace W in V has dimension 
v — ni. Denote by IHom(V, W) the subset of Hom(V, W) consisting of injective maps. Let 
II be the subvariety of i >n Slv,D m x i,o^-w,D m x IHom(V, W) consisting of all triples (X, X 1 , R) 
such that 

Rh"X\ = XhRh',Vh E r, 

where Rf and Ryi are understood to be identity morphism if h! or h" are in I + . Then we 
have a diagram 

i,rJ^-v,D* < — - — n ^—t- ii0 ii WjD », 

where ~K\ and 7r 2 are the obvious projections. Moreover, n 2 factors through i$Tl.w,D m x 
IHom(V, W) via the obvious projections n' 2 : (X, X 1 , R) h+ (X 1 , R) and ir' 2 ' : (X 1 , R) -4 X 1 . 

Lemma 4.5.1. We have 

(1) tti a principal Gw-bundle. 

(2) 7r 2 a vector bundle of dimension YlheH-h'=i nv h" + — n{y% ~ n )- 

(3) is a trivial bundle of dimension dimGiy + n{i>i — n). 

Proof. The first and third statements are clear. The second one follows from an argument 
similar to the proof of Lemma [4.4.11 and |L91] 12.5]. □ 

The following proposition follows from Lemma 14.5.11 

Proposition 4.5.2. Suppose that dimPv" + ni = dim V. The assignment Y h-> ^2(1^1 (Y)) 
defines a bisection 

(32) g- ax = Irr^IIv^. Irr ^11^.. 

The assignment Y' i-> 7ri(7r 2 _1 (y / )) defines a bisection 

(33) /" : Irr ifi II WjD . ->■ Irr ijn IIy iD . . 

Moreover the maps e™ ax and /" are inverse to each other. 
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4.6. Crystal structure on the Ily ^.'s. For each v G N[i], we fix an /-graded vector space 
V{u) of dimension v. Let 

Irr (D*) = U^eN^Irrlly^)^.. 
For any Y G Hv,D m and i G I, we define 

wt(F) = A - v G X, 

£j(y) = n, if V D i,rJ^-v,D* is open dense in y, 
^ = ei(r) + (i,wt(y)), 

where A G X is a fixed element such that A(z) = dimDj for all z G /, f G X is via the 
imbedding N[J] — )■ X. We also define 

/ 4( y)=^ TO and = ff if t f»°' 

I otherwise. 

In this way, we have defined the following five maps on Irr (D'): 

wt : Irr (£>') -> X, e<, ^ : Irr (D*) ->■ Z and /< : Irr (£)") ->■ Irr (£)*) U {0}, Vi G J. 

The following lemma follows from a straightforward checking. 

Lemma 4.6.1. The data (Irr (D°), wt, £j, (fi, /j)j 6 / /orm a crystal defined in Section HOI 
Moreover, the crystal Irr (-D*) is generated by the set of all elements Y such that £i(Y) = 
for all i £ J. 

We set 

Irr (LJ,) = U l/6N[J] Irr L s v{v) D and Irr (L D ) = U l/eN[J ]Irr 1> V (v),d- 

On Irr (L S D ) and Irr (Ld), one may define crystal structures in exactly the same way as the 
crystal structure on Ity(D'). Moreover, the crystal structure on Irr(Lfj) is isomorphic to 
-B(A), while Irr (Lp) isomorphic to B(X,oo). See [KS97] and [N94] for details. 
Define a map 

(34) tp : Irr(L^i) ®Irr(L D2 ) ^Itt(D') 

as follows. For any Y 1 G Irr L yl D1 and Y 2 G IrrLy2 D 2, we define ipiY 1 ® y 2 ) to be the 
irreducible component Y G Irr (Lly^.) such that y fl liy^-y 2 = P~ l (Y l x where p is 
defined in fl28|) . By Proposition 14.4.21 (4), the map ^ is a bijection. Moreover, 

Theorem 4.6.2. Irr(-D') is isomorphic to 1tt(L s d1 ) ® irr (L^) = ^(A 1 ) <8> B(X 2 ,oo) as 
crystals via ip, where A 1 and A 2 are fixed elements such that X a (i) = dim .Df for any i G I 
and a = 1, 2. 

Proof. The proof is similar to the proof of Theorem 4.6 in [NOlj . We have to show that 
ip is compatible with the five maps on Irr (D 9 ) and Irr (L s D i) <8> Irr (L^), respectively. It is 
obvious that wt^iY 1 <g> y 2 )) = wt(y x ) + wt(y 2 ). 

Choose a triple (X, X 1 , X 2 ) such that p(X) = (X 1 , X 2 ) in (j28|) . Let us fix a decomposition 
y = V 2 © V 1 . Then the canonical short exact sequence 0— > V 2 — > V — > V 1 — > induces a 
complex 

(35) ker(i)X 2 /imX 2 (i) -> ker(i)X/imX(i) A ker(i)X 1 /imX 1 (z). 
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The condition (1261) gives rise to a linear map 

c : ker(z)X 1 /imX 1 (i) ->■ V 2 /im{i)X 2 , 
and be = 0. So 6 factors through ker(c). Thus the complex (ISST) induces a complex 

(36) ->■ ker(i)X 2 /imX 2 (i) -> ker(i)X/imX(i) ->■ ker(c) ->■ 0, 

which is indeed a short exact sequence. From (1361) . one deduces the following lemma. 

Lemma 4.6.3. Assume that ip(Y) = Y 1 £g> Y 2 satisfies £i(Y) = 0, then £i(Y r ) = and 
dimker(c) = wt^F 1 ) - e l (Y 2 ). 

Suppose again that £i(Y) = and that X G Y is a generic point. Fix a vector space T of 
dimension ri and V" = V © T. We consider the variety 

U x = {X G Uy D . : X\ v = X}. 

Just like (1501) . we deduce that II x can be identified with the vector subspace in 

Hom(T, A) ®heH-.h"=i Hom(T i; V^/) 

consisting of all vectors (gf T , x^ T )h£H-.h"=i such that 

(37) ^ e 4 (%xf - M f T = 

h£H:h"=i 

From the equation ( 1571) . one can deduce that the projection qf T + ^2 h< z H . h / /=i x^ lT : T — > 
D\ © Q)heH-.h"=iVh> of <? DT and x|^ T to -Dj 1 and V^ 1 ,, respectively, has image contained in 
ker(i)X 1 . Moreover, the composition of this map with the projection from ker(i)X 1 to 
ker(z)X 1 /imX 1 (i) and the map c vanishes. So it gives rise to a linear map <p '■ T — > ker(c). 
The assignment (q DT , %¥ T ) i— > 4> then defines a linear map 

/ : Il x -> Hom(T,ker(c)). 

Moreover, the map / is surjective. In fact, for any <p G Hom(T, ker(c)), one may define an 
element in IIx as follows. Fix a decomposition ker(i)X x = imX 1 (i)®'ker(i)X 1 /imX 1 (i). Let 
pf T be the composition of and ker(c) — > kei(i)X l /imX 1 (i) — > ker(i)X 1 — > D\. Similar 
T be the composition of <fi and ker(c) — > ker(i)X 1 /imX 1 (i) — > ker(i)X 1 — > V^,. Then the 
condition ( 1571) determines uniquely an element x^ T . Now choose an arbitrary element pf 2j '. 
The element (qf ,x¥ T ) in IIx is thus obtained, moreover, the element gets sent to <p via /. 
Therefore / is surjective. 

Let Hom(T, ker(c)) 1 be the open dense subvariety of Hom(T, ker(c)) consisting of all el- 
ements of maximal rank. Since / is surjective, we have that the inverse image U x of 
Hom(T, ker(c)) 1 under / is open dense in Tlx- Let U° x be the subvariety in Tl x such that 
the corresponding element <p G Hom(T, ker(c)) satisfying ker <p = ker(gf T +J2heH-h"=i x \ lT )- 
Then from the above explicit construction of elements in Ilx, for any given <ft, we see that 

(38) U x is open dense in Ilx arid, moreover, (g)~ 1 (D 2 ) = V 2 © ker for any X G Tl x . 

Here X = (x,p,q) and V 2 = g _1 (.D 2 ) for the fixed element X. From ( 15H1) and using ( 15T1) . 
one can show the following lemma. 
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Lemma 4.6.4. Suppose that Y is an irreducible component in Irr (-D*) such that ip(Y) = 
Y 1 <g> Y 2 and e^Y) = 0. Then one has 

,, Q x ™ _ jflY 1 ® y2 if r < wt^F 1 ) - Ei(Y 2 ), 

Now by using Lemmas 14.6.11 H~6.3I and 14.6.41 and using the proof of Lemma 4.11 in |N01j . 
one can show that ip is compatible with the five maps. □ 

4.7. Crystal structure on the IIy D .'s. Let 

Hy D , = {X G Hv,D m are injective for all i 6 I}. 

This is an open variety in IIy,£>.. Similarly, one can define the open subvariety Uy D .. v2 in 
U VD ..y2. Then we have the following cartesian diagram 

(40) 



I I lj , T 8 v T S 

y_D*;y 2 ^ -^v^d 1 ^v 2 ,!) 2 



ny,£)«;y 2 ~ — ^ X Ly2 £)2, 

where the bottom row is (1281) . From this diagram, we have 



Proposition 4.7.1. Statements similar to (1), (2) and (3) in Proposition 4-4-% hold for the 
varieties Yly D .. v 2 , Yl VD .. v 2 andTi.y D . . Moreover, 

#IrrIIy >0 . = ^2 # Irr (Ly 1 ^ 1 ),!? 1 x Ly 2 ^ 2 ),/? 2 )' 

where the sum runs over all pairs (u 1 , v 2 ) such that v l + v 2 = v. 

Note that the Gy-action on T\ VD . (resp. Ly D ) is free and its quotient 3yr>* (resp. 
£v,d) is the tensor product variety defined by Nakajima |N01] and Malkin |M03] (resp. 
Nakajima [N94] ). 

Let 

Irr (£)•)' = U I/6N[J] IiT(n^ MiD .) 
The inclusions 11^. C Uv,D' define a surjective map, via restriction, 

l : Irr (D°) ->■ Irr (D*) s . 

Similar to the crystal structure on Irr (D*), one can define a crystal structure on 1tt(D') s 
with the help from a diagram similar to fl3~Tj) . It is proved in Theorem 4.6 in [N01] that the 
crystal structure on Irr (D*) s is isomorphic to the crystal on the tensor product B(\ 1 )®B(\ 2 ). 

Corollary 4.7.2. The surjective map i : Irr (D*) — > Irr (D') s is the crystal morphism 
B^X 1 ) ® B(\ 2 , oo) -» ^(A 1 ) ® 5(A 2 ). 

Note that the crystal structure on Irr(_D*) ,s has been studied in [M03j . [N01J and [S02J. 

5. Induction and restriction 

We shall recall Lusztig's induction and restriction functors in this section. We refer 
to |L90] - [L93~] for further reading. 
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5.1. Lusztig's diagrams. We preserve the setting in Section H~2l Let Q be an orientation 
of the framed graph T. This is a subset of the edge set H of Y such that Q U Q = H and 

nnH=0. 

Let Eq(V,D) be the subspace of E(V, D) consisting of all elements X such that Xh = 
for any h ^ Q. 

Recall that we fix a decomposition D = D 2 © D l and V = W © T. Let 
F = {X e E n (V, -D)|-D 2 © W is X-invariant}. 
Then we have the following diagram 

(41) Eq(T, D 1 ) x En(W, -D 2 ) F — ^ E n (V,£>), 

where l is the closed embedding and k(X) = (X X ,X 2 ) with X 1 and X 2 defined in a similar 
way as ff271) . Note that k is a vector bundle of fiber dimension J2hen dimT^' dim W^// where 
f h , = T h , Mh'el and f h , = D\, if h! e I+. 

Let Py be the stabilizer of W in Gy and Ry its unipotent radical. Then Py/Ry ~ 
Gt x Gjy. Consider the following diagram 

(42) Eq(T, D 1 ) x E^D 2 ) ^i- Gy x Rv F Gy x Pv F B n (V,D), 

where ni(g,X) = k(X), ^(g, X) = (g,X) and 7r3(#,X) = #.X. It is well-known that 7r3 is 
proper, 7T2 is a Gt x Gy^-principal bundle and 7i"i is a smooth morphism of connected fiber 
with fiber dimension fi = dimGy/Ry + dim k~ 1 (X 1 , X 2 ). 

5.2. Notations in derived categories. We recall some notations on derived categories 
from [BBD82] and [L93J. Given any algebraic variety X over C, denote by T>(X) the bounded 
derived category of complexes of constructible sheaves on X. Denote by Cx the constant 
sheaf on X, regarded as the complex concentrated on degree zero. Let [— ] be the shift 
functor. Let / : X — > Y be a morphism of varieties, denote by /* : T>(Y) — > T>(X) and 
f\ : P(X) — > T>(Y) the inverse image functor and the direct image functor with compact 
support, respectively. Let G be a connected algebraic group. Assume that G acts on X 
algebraically. Denote by T>a(X) the full subcategory of P(X) consisting of all G-equivariant 
complexes over X. Similarly, denote by M.q(X) the category of of all G-equivariant perverse 
sheaves on X. If G acts on X algebraically and / is a principal G-bundle, then /* induces 
a functor, still denote by /*, of equivalence between _M(F)[dimG] and M.q{X). Its inverse 
functor is denoted by f b : Mg(X) ->■ A^(F)[dimG]. 

5.3. Induction and restriction functors. From the diagram (|41l) . we form the functor 

(43) Re^w = na* : £>(E n (V; D)) P(E n (T, -D 1 ) x E n (W, D 2 )). 
From the diagram (|42p . we form the functor 

(44) Fnd^ = 7r 3! 7r 2b 7r* : P GrxGw (E n (r, D 1 ) x E n (^,D 2 )) D(E n (V, £>)). 

The following shifted versions of the restriction and induction functors will also be used 
later. 

v ' v v ' — ' v 

(45) Res T W = Res T W [/i - f 2 - 2 dim Gy/Py], Ind r vF = Ind T W [/i - / 2 ], 
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where f\ and ji are the fiber dimensions of the morphisms tti and 7r 2 , respectively. For 
simplicity, we write 

K l -K 2 = \nd%{K 1 MK 2 ). 

5.4. Special cases. The following special cases of the functors Res^^y and Ind^^/ will be 
used extensively later. 

The first case is when D 1 = and dimT = ni. In this case, Eq(T, D 1 ) = 0. The shifted 
induction and restriction functors induce the following functors 

(46) : P(E n (V, D)) -> V(E a (W, D)), } ■ V(E U (W, D)) V(E n (V, D)). 

The second case is when D 2 = and dimW 7 = ni. In this case, Eq(W,D 2 ) = 0. The 
shifted restriction functor induces the following functor 

(47) : V(E n (V, D)) P(E n (T, £>)). 

The third case is when T = 0. In this case, E^(T, D 1 ) = and 7r 3 = i is a closed 
embedding. Thus, the functor Ind^ w induces a fully faithful functor 

(48) L d i- : V(E n (V, D 2 )) P(E n (V,D)), K 2 ^ L dl • 

The last case is when W = 0. In this case, En(W, D 2 ) = and 7r 3 is the identity morphism. 
Thus the functor Ind^^y induces a fully faithful functor 

(49) • L d2 : V(E n (T, D 1 )) V(E n {V, D)), K^K X - L d ,. 

6. Geometric study of M a 

6.1. Perverse sheaves on Ej-j(V). Let 

E n (V) = E n (V;0), 

where E n (V,0) is E n (V,D) in Section O for D = 0. 

Let i = (ii, • • • , z m ) be a sequence of vertices in T and a = (ai, • • • , a m ) a sequence of non 

negative integers such that aiiiH Ya m im = v. A flag F* = (V = F° D F 1 D ■ ■ ■ D F m = 

is of type (i, a) if dim F l /F l+1 = ai + \ii + i for all < I < m— 1. The variety Fi a is the variety 
of all pairs (x, F'), where x G Eq(V) and F* is a flag of type (i, a), such that each subspace 
in F* is x- invariant. Let 

(50) 7r ija : F ija -> E Q {V) 
be the projection to the first component. We set 

(51) L (i ,a) = 7r iia! (C fia [dimFi, a ]). 

Since F i a is smooth and 7r i a is proper, the complex L(i, a ) is semisimple by the decomposi- 
tion theorem in [BBD82] . Let Qy be the full 'semisimple' subcategory of V(Eq(V)) whose 
simple objects are isomorphic to those appeared in £(i, a ) for various pairs (i, a). 

Let Afy,i be the full subcategory of Qy whose simple objects are isomorphic to those 
appeared in L(i, a ) for various pairs (i, a) such that the last term i m of i is i and a m > di + 1. 

Let 

E n ,i,>*+i00 := {x E E a {V)\ dimkerx(z) > d t + 1}, 
where x(i) is defined in fl24l) . 
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Lemma 6.1.1. Suppose that i is a source in Q. Then any complex K in Qy is in Afv,i if 
and only if Supp(iT) C E n ^> di+l (V). 

This can be shown by the detailed analysis in \L93\ 9.3]. 

Let A/y be the full subcategory of Qy generated by Ny,i for all i 6 I. Thus any simple 
object K e Qy is in My if and only if 

(52) Supp($^AT) C E^ 

,i,>di+i{V), for some % in I. 
where $7, is an orientation of V with i a source and 

is a fixed Fourier transform from V(E n (V)) to X?(E^(\/)) (see [L93], (ED], [KS90j ). 

6.2. Perverse sheaves on En(V, D). Fix an order, say (if , , • • • , iff), of the set I + . Let d 
denote a fixed pair of sequences (if, ■ ■ ■ , i^) and (di, • • • , oIn)- Let (i, a) -d be the composition 
of the pair (i, a) and the pair d. 

Then the complex L(i i& ).d is well defined and semisimple over Eq(V,D). Moreover, the 
complex L(i,a).d is independent of the choice of the order (if , ■ ■ • , iff) of I + . This is because 
£(i,a)-d is equal to Li a • where -La is defined in Section |5\41 Observe that E^(0,<i) is a 
single point. L d = Ce^q^), which is independent of the choice of the order on I + . 

Let Qv,d be the full subcategory of T>(En(V, D)) defined with respect to the complexes 
L(i, a ) d for various (i, a) in a similar way as Qy to the complexes Ln a y 

Let 7r : Eq(V,D) — > Eq(V) be the obvious projection. It then induces a functor, the 
shifted inverse image functor, 

7r*[ud Q }:V(E n (V))^V(E n (V,D)), where ud n = ^ M*- 
Lemma 6.2.1. VFe /lave = n*[udci\; moreover, they are functors of equivalence from Qy 

to Qy,D- 

In fact, the vector subspace © D is the only vector subspace in V © D of dimension 
dii + that is invariant under a fixed element X in Eq(V,D). The isomorphism -L^ = 
ir*[isdo\ follows from this and the definition of the multiplication "Ind^jy" in Section r5.ll 
They are equivalent because it* is a fully faithful functor due to the fact that 7r is a trivial 
vector bundle of fiber dimension vd^. 

Let J\fy t D = ff*[vdci\(J\fv), i- e -> the full subcategory of Qy t o whose objects are of the form 
7i* (K) with K e My. By Lemma [6.2.11 the condition fl52|) can be restated as follows. 

Lemma 6.2.2. Any simple object K e Qv,d is in My t D if o,nd only if 

(53) Supp($^f0 C Ea,,i,>i(y, D), for some i in I, 

where En,i,>i(V,D) = {X e E Q (V,D)\ dimkerX(i) > 1} and X(i) is defined m 
Another way of stating (1531 is 

(54) Supp^g'tf) n (E Qi (V, £>)\E ni ,i,>i(V; D)) = 0, for some i in /. 
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Let Vy,D (resp. Vy) be the localization of Qv,d with respect to the subcategory Ny,D 
(resp. A/y). The above analysis produces the following commutative diagram of functors 



(55) 



A/y — ^ Qv V v 



A/V,d — l —t Qv,d y Vv 



D, 



where the t's are natural embedding, the Q's are localization functors, and the unexplained 
vertical maps are induced from 7r*[i/c?n]. 

Remark 6.2.3. (i) The condition is exactly the stability condition used in |Zh08] for 
localizing the category Qv,d to get the module V\ for a chosen dominant weight A such that 
(i, A) = di for any i G I. 

(ii) Note that the rows in the diagram (|55|) is exactly the categorical version of the short 
exact sequence Q. 

(iv) As LB. Frenkel pointed out, the sequence (j3J) is the first step of the BGG resolution of 
the module V\ a g-analogue of the resolution in |BGG75j . It is very interesting to investigate 
the possibility of naturally lifting the BGG solution to the categorical level. 

6.3. Stability conditions for Qv,d- In the section, we will use the notations in Section I4T31 
freely. By \L91\ 13], we have 

(56) SS(tf) C A yeD , Viv G Q VtD . 
Moreover, by using [L911 Theorem 13.3], 

(57) SS(L (i , a) . d ) = SS(L (i>a) • L d ) C {p = 0} n Ay eD . 

If K G Qv,d is simple up to a shift, then K is a direct summand of the semisimple complex 
of the form £(i, a ) • L d . Thus, by fl56|) and fl57|) . 

SS(K) C Ly iD , Viv G Qy D . 

Let A^y_o be the full subcategory of Qv,d consisting of objects K such that 

(58) SS{K) n Lye = 0- 

Since the condition ( |58i) does not involve any orientation of the graph L (or L), we call it a 
global condition, while ( )54|) is called a /oca/ condition. 

Proposition 6.3.1. We have Mv,d = M-v,d- 

Proof. It is clear from (j55]l or (|S3|I that if K G J\f V)D , then SS(K) D L S VD = 0. So we have 
M v ,d c M yz> 

By Theorem 6.2.2 in |KS97j . for each simple perverse sheaf K in Qv,d, one can associate 
an irreducible component, say Yk, such that 

Y K C SS(K) C7 K U U^ :£i( ^)> £iW F^, 

for all i G J. Moreover, if K ^ K', then 7^ Y^/. 

Note that the inequality is a strictly inequality in JKS97J. which is a typo. See Remark 
4.27 in [Sch09] . For a proof of this inequality, see |K07j . 
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Thus the assignment K i— > Yr defines an injective map 

<t> : 51 ^ S 2 , 

where Si is the set of isomorphism classes of simple perverse sheaves in Mv,d and S 2 is 
the set of irreducible components in ~Ly,D disjoint from L VD . Observe that the sets Si and 
S 2 have the same number of elements, equal to dimT A l/ due to |L93] and [LOOaj . So <p is 
bijective. This implies that Afy,D = M-v,d- Otherwise, if K G M.v,d\N'v,d is simple, then 
Y K fl Ly D = by definition. Since is bijective, there is a G Afy,D such that Y K i = Yk- 
This contradicts with the fact that K ^ K' implies that Yk ^ Yk<- Proposition follows. □ 

From Proposition 16.3.11 we have the following corollary. 

Corollary 6.3.2. Assume that K G Q v ,d- Q{K) ^ if and only ifSS(K) n L S VD ^ 0. 

Let Vv,d be the set of all isomorphism classes of simple perverse sheaves in Qv,d- Let Vy D 
be the subset of Vv,d consisting of all elements not in Mv,d- Then we have the following 
corollary. 

Corollary 6.3.3. For any K G Vv,d, the following statements are equivalent. 
(1) K G V VjD . (2) Q(K) ^ 0. (3) SS(K) n L V;D 0. 

(4) Supp($^(ir)) n En ui , (V,D) is open dense in Supp($^(7T)) ; where En iti>0 (V,D) = 
{X G E Q . (V,!)) | dimkerX(i) = 0} for any i G /. 

Remark 6.3.4. The results in the section are the combination of the work |L91] and |KS97j . 
Results in [N94| 11] are closely related to the results in this section. 

7. Geometric study of tensor product M A 2 ® V x i 

7.1. Tensor product complexes. In this section, we fix three elements A, A 1 , A 2 in X + 

such that 

A 1 + A 2 = A. 

This matches with the fixed decomposition D = D 2 © D 1 in Section 14.41 by assuming that 
(i, A) = dim Di and (i, X a ) = dim Df for any i G / and a = 1,2. Let d a be the dimension 
vector of D a for a = 1,2. 

In this section, we will consider the compositions 

a:= (i^a 1 ) ■ d l ■ (i 2 ,a 2 ) ■ d 2 

such that Yjk=i a l^l + Sfcli a l^k = v where v is the dimension vector of V in the space 
Eq(V, D). We can define the map 

in exactly the same manner as the map 7Ti a defined in (l50j) . 

Fix a partial flag D* = (D° = D D D 1 D 0) such that dim D°/D 1 = d 1 . In other words, 
we fix a subspace D 1 of D of dimension d 2 . Let Ea be the subvariety of Fa consisting of all 
pairs whose flags incident to D is D*. 

The restriction of 7r^ to Ea is denoted by 

7Ta:E a -> E n (V,D), 
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in exactly the same manner as the map 7T(i a ) defined in (1501 . Note that Ea is again a smooth 
irreducible variety. So we have the following semisimple complex 

(59) La :=7r a! (CgJ[dimEa]. 

Note that when a 2 = 0, L a is the same as LftaW- 

Similar to Qv,d, let Qv,d* be the full 'semisimple' subcategory of P(Eq(V, D)) whose 
simple objects are isomorphic to those appeared in L» for various compositions a. 

Similar to Mv,Di we define Nv,d* to be the full subcategory of Qv,d* generated by the 
simple objects K satisfying the local stability condition 

Similar to Vv,d, we define Vv,d* to be the localization of the category Qv,d* with respect 
to A/V,d* • Altogether, we have the following exact sequence of categories 

(60) Af V ,D- -»> Qv,D' -»> Vy,£).. 

Since L(i )a ).d is a special case of the complex La, we have the following commutative diagram 

M v ,d > Qv,d > Vv,d 

(61) 

•N~V,D* > Qv,D* ► Vv,X)», 

where the top level is from ( |55i) and the vertical maps are inclusions. While the diagram 
( 1551) indicates that we go from non framed situation to framed situation. Here, this diagram 
( IBTl) indicates that we go from the Verma module to the tensor product of a Verma module 
with a simple module. 

7.2. Structures on Vv,D'- Let «f2 be an orientation of T such that z is a sink, i.e., all arrows, 
h, adjacent to i has h" = i. Let i )n E.n(V,D) be the locally closed subvariety of Ei.q(V,D) 
consisting of all elements X such that dim Vi/(i)X = n. Here (i)X is defined in (j2"lj) . We 
also set 

ii > n E in (V;D) = U i)n /E i n(V;D), 

where the union runs over all n' such that n' > n, which is a closed subvariety of E.q(V, D) . 

Let Vv,D m be the set of isomorphic classes of simple perverse sheaves in Qv,d- defined in 
Section 17.11 Let i )n Vv,D' be the subset of Vv,d* consisting of all objects K such that 

Supp«(L0) C i,> n E^(V, D) and Supp^W) n i >n E. n (V, D) + 

where $^ is the Fourier transform. We set 

(62) ei{K)=n, if K G i, n V v ,D- • 

Lemma 7.2.1. For any if G i t -nPv,D*, there exists a unique K G ^o'Pw,!?*; ^i/i dimly = 
dimV — ni, such that the following statements hold. 

(1) iRS n \K) = K®K', where K' consists of simple perverse sheaves, with possible shifts, 
in i,>\Pw,D- and iRS n ^ is defined in Section \5^j\ ffW - 



(2) JF^{K) = K @K' , where K' consists of simple perverse sheaves, with possible shifts, 
in i t > n +iPv,D* an d Fi i> s defined in Section \5^\ JffiP - 



(3) The assignment K !->■ K defines a bijection {Ry 1 ' : i !n Vv,D* — > i,oPw,D* 
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(4) The assignment X i-> X defines a bijection J 7 -™ : i t oPw,D* ~ > i,nPv,D m , inverse to 

The proof is similar to the proofs of Lemma 3.2.10 in [Zh08j and Lemma 6.4 in [L91J. 

Proposition 7.2.2. For any X £ Qv,d», there exist complexes Mi, • • • , Mk and N\,--- ,Ni 

of the form for some a, up to some shift, such that 

X © Mi © • • • © M fc = N x © • • • © N h 
The proof is similar to the proofs of Proposition 3.2.6 in |Zh08] and Proposition 7.3 in |L91] . 

7.3. Singular supports of the objects in Vv,d* • Let Xa be the variety of all pairs (X, F'), 
where X £ Ay,D and F' is a flag of type a, such that F* is X- invariant. Then we have a 
natural projection 

Xa — > A.y,D- 

We denote by the image of Xa under this projection. Similar to the proof of Theorem 
13.3 and Corollary 13.6 in |L91j . one can show the following proposition. 

Proposition 7.3.1. SS(La) cy.C Ay D . 

Given any pair (X, F*) in Xa, we have that both F ml and F ml+1 are X = (x,p,q)- 
invariant. Write F ml = U © D° and F ml+1 = U © D\ we have p(D°) C U and q(U) C D 1 . 
This implies that p(D°) C [/ C Since £7 is x-invariant, we have p(D°) C [/ C 

Since i^ ml + m + 1 is X-invariant, we have immediately p(D l ) = 0. So given any pair 

(X,F*) £ X^, the element X satisfies the condition ( )26l) . In other words, C Ily^.. By 
combining with Proposition 17.3.11 we have 

Proposition 7.3.2. SS(La) C Y & C n VjjD . C A y>D . 

7.4. The map V.. First, we assume that D 2 = in the set up of Section I7TT1 In this case, 
the complex La defined in (|59|) is a special case of the complex L i a defined in (15T1) for the 
graph T. Also, C Av®d- Thus, we can use Theorem 6.2.2 (2) in |KS97j . |K07] and 
Remark 4.27 in |Sch09j to define a map 

(63) Y. : V v ,d- -)• Irr U V>D . , X ^ Y K , 

such that 

F K C SS(X) CY K U U K/ .. £dKI) > £i{K) Y K ,, 

Ei(K) = £i (Y K ), Vi £ I, 

X ^ X' implies ^ Y^/. 

The last condition means that Y. is an injective map. Moreover, Y. is surjective hence 
bijective. 

To show that Y m is bijective, it is reduced to show that the two sets Vy,D m an d Irr Hv,v 
are of the same size. This can be argued as follows. Let Vi be the space over C spanned by 
the elements in Vv,d* ■ Let V 2 be the space over C spanned by the complexes for various 
a. Then, modulo specializing the shift functor to 1, we have by Proposition 17.2.21 that 

Vi ~ V 2 
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as vector spaces over C. 

On the other hand, let W 2 be the space spanned by the constructive functions L' a on 
Hv,D m defined in a similar way as L^- Let Wi be the vector space over C spanned by the 
semicanonical basis elements fy defined in |L00a] such that Y C Uy^.. Then we have 
(We refer the interested reader to the paper |L00a] and the reference therein for the precise 
definitions of L' a and fy.) 

Wi = W 2 . 

Indeed, it is clear that W 2 C Wi. Suppose that fy G Wi satisfies that £i(Y) = for any 
i e I. It is clear that fy = L' d ■ f Y for some Y G Ay where L' d is the linear map defined in 
analog with the functor L d . From this, we see that fy G W 2 . Suppose that fy G Wi such 
that r = Ei(Y) > for some % G /. We prove by induction that fy G W 2 . We assume that 
fy> G W 2 if Y C Uy,D* fc> r any proper subspace V C V and f z G W 2 if e^Z) > Si(Y). 

By [LOOa, 2.9 (b)], we have an irreducible component Y' such that 

Si ■ fv = fr+ °Y,zfz, for some c Y>z G Z, 

where f[ is defined in analog with the functor J 7 ^. Since Y C Tl Vl D', we have Y' C LTy/^. 
for some V'. Hence, Z C riy^.. By the above identity and induction assumption, we see 
that /y G W 2 . So Wi C W 2 .' We have finished the proof of W x = W 2 . 
By |L91j and [LOOa J. we see that 

V 2 = W 2 

because they correspond to the same subspace in U~ , the space obtained from U~ by spe- 
cializing v at 1. By summing up the above analysis, we have 

WPv,d* — dim Vi = dim V 2 = dim W 2 = dim Wi = ^Irr Hy,D m ■ 

This shows that the maps Y m is surjective. Altogether, we have 

Lemma 7.4.1. When D 2 = 0, the map Y, is bijective. 

Second, we assume that D 2 ^ 0. We write V^d 1 (resp. IIy D i) for Vv,D m (resp. Ily^.) 
for the case when D 2 = 0. The fully faithful functor -L^ defines a bijection 

such that Ei(K) = Si{K ■ L^) for any % G /. Similarly, we can define a bijection between 
the sets IrrLEy^i and IrrIIy£>.. It is clear from the construction that the two bijections are 
compatible. Therefore, we can define a similar map Y, : Vv,D' LIy£>. satisfying the same 
property as that of (|63j) . 

Summing up the above analysis, we have the following proposition. 

Proposition 7.4.2. We have a bijective map Y, : Vv,d* Irrllyo., K i— > Yr such that 

Y K CSS(K) CY K \J\J K , MKI) > Si(K) Y K , and £i (K) = Ei{Y K ), Vi G I. 

Remark 7.4.3. We shall present a second proof of Proposition 17.4.21 in Section [73| which 
can be generalized to the general case in Section [HJ 
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For any K G Vv,D m and i G I, we define 

wt(if) = A - 1/ G X, Ei(K)=n, if K G i, n V v ,D; fi = Si(K) + (i, wt(K)), 

where A G X is a fixed element such that = d{, for any i G /, and z/ G X is via the 
imbedding N[I) — >• X. We also define, for any G Vv,D', 

UK) = and -^^(^^-".^'W >», 

I otherwise. 

The above maps (wt, e«, /i)i e j define a crystal structure on 

"Pd* = ^ven[i]Pv(v),D'- 

Moreover, it is clear that the crystal Vd* is generated by the objects K such that £i(K) = 
for any i G /. 

The assignment i-> Yk in (17.4. 2p defines a strict crystal isomorphism 

Y. : V D ' -> hr (£>*). 
From this isomorphism and Theorem 14.6.21 we have 

Theorem 7.4.4. TTie crystal structure on Vd* is isomorphic to the crystal structure of 
B^X 1 ) (g) -B(A 2 , oo) via ipY, where ip is defined in (34\ ) . 

7.5. A filtration on Vv,d»- Let 

Z V ,D' = {K eV VtD *\ Ei(K) = 0, V? G J} and H D . = U^/jHy^)^.. 

Lemma 7.5.1. VFe nave K G Hy^. «/ and only if K is of the form L^K^L^ where Kb is 
the simple perverse sheaf corresponding to an element b in i^A 1 ^ with v = dim V. 

Proof. Suppose that K G Sy£>.. Then it is clear that K is a direct summand of a certain 
complex L^n^fp, = L d i ■ £(i, a ) • L d 2, up to a shift. Since L d \- and -L d 2 are fully faithful 
functors, we see that K has to be of the form L d \K^L d -i for some simple perverse sheaf in 
Vy. If Kb is a direct summand of the complex -^(i ja )(j,d 1 +i)' then it is clear that £%{K) > 0. 
This shows that Kb is a simple perverse sheaf such that b G ^(A 1 )^. It is clear that if 
K = L d iK b L d 2 such that b G ^(A 1 ),, then K G Hy,D«- □ 

Note that in general, the set Hd» has infinitely many elements. Let us order the elements 
in Sj). in a way, say 

£i> £2, • • • )£»!)••• , 

such that if £ m G Sy^. and £ n G ^w,D' with a proper subspace of V, then n < m. 

Let Qy^. be the full subcategory of Qv,D' whose simple objects are direct summands of 
the complexes L(i, a ) • £m[z] i n Qv,v, for z G Z and 1 < m < n. Then we have a filtration of 

(64) Qf D . c Q V 2 D . C • • • C Q%. C • • • . 

Note that Qy n D . = Qyo- = Qv,D' for large enough m and n. 
Similarly, we have a filtration for the simple objects in Qv,D'~- 

V- 1 r V- 2 r ■ ■ ■ r V- n c ■ ■ ■ 
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where Vy n D . are subsets of Vy,D m whose element appears in Q v n D .. We set 

Vl D .=Vf D .\Vf D .\ VnGN. 
(The filtration comes from the one in |BGG71] . [BGG75], |BGG76] and [BG80].) 
Lemma 7.5.2. We have £ n G V VD .. 

Proof. Assume that £ n G Qy 1 ^}. Since £j(£ n ) = for any i G J, £ n can only be expressed as 
a direct sum whose simple summands are from the set • ■ ■ , £ n -i}- This contradicts with 
the fact that the set {£i, • • ■ , £ n -i>£n} is linearly independent, because it is a subset of the 
canonical basis -^(A 1 ) by Lemma [7.5. II Therefore, £ n G V VD .. □ 

Recall from [KS97, Theorem 6.2.2] that there exists a crystal isomorphism 

Y. : U V V V -»■ Irr A y , 

where V runs over a set of representatives of the isomorphism classes of the /-graded vector 
spaces, such that 

Y K C SS(AT) C Yr- U U £ , (Yif) > £i(iV) Y^, G /. 
Let Yg n be the irreducible component in Irrllv,^. obtained from Y Kb if £ n = L d iK b L d 2. Let 
Uy D , be the subset in Irrlly^. defined in a similar manner as V VD . to Vv,d*- In other 
words, Tiv,D* is the crystal generated by the element Yg n . 

Let ir' a be the similar morphisms to ir a in ( H2j) for a = 1, 2, 3 with the varieties 'E' replaced 
by the varieties 'II'. For any irreducible component Y G Irr At, we set 

Y-Y u = Tr'^i)- 1 (YxYtJ 

to be the closed subvariety of Ily^., where we assume that Y^ n G Irr Tl w>D * and V = T© W. 
Let Yg n be the open subvariety of Y^ n consisting of all points X such that Sj(X) = for any 
j G I. We claim that 

• the closure, Y, of Y-Y^ is an irreducible component in Uv,d* such that £j(Y) = £j{Y) 
for any je J. 

Indeed, the restriction of 7r^ to (tt' 1 )~ 1 (Y x Y^J is smooth with connected fiber. This can 
be proved in a similar manner as the proof of Lemma [4.4.11 due to the fact that the condition 
that X(i) is injective is due to the condition that (i)X is surjective. Moreover, the restriction 
of tt' 3 to 7T2(7ri) /_1 (F • Y® n ) is injective. This is due to the fact that the space U such that 

D © U is A-stable for any X = (x,p,q) G tt^ (tti)' - ^ (Y ■ Y?) is p(D) by the definition of 
Y® n . The above analysis implies that Y ■ Y^ n is irreducible, of the desired dimension and 
£j(Y x Y^ n ) = £j(Y) for any j G /. The claim follows. 
It is clear that 

Y C Y ■ Y in C Y U U £i(r0 > £i(r) Y', Vz G /. 

Proposition 7.5.3. TTie assignment Y y Y, where Y is the closure of Y ■ Y® n , defines a 
bijection 

7 : Irr A T -» Irr 11^ D . , 

which is compatible with the actions e\ and f[ for any i G J and r G N. 
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Proof. It is clear that 7 is injective. 7 is surjective follows from Theorem 14.6.21 It can also 
be proved by induction with respect to the dimension of T. The compatibility of 7 with 
the actions e\ and f\ is reduced to the compatibility of the diagram f |5Tj) and the diagram 
similar to (USD. □ 



Proposition 7.5.4. Suppose that £ n G Ey^D*- Given any K G Vt, there is a unique 
K G V VD ., with V ~ T © W, swc/i toot 

K ■ £ n = K ® M, where M G Q^.; 
(65) e i (K') = e^-fC), < &/(M), Vj G /; e&K) < £%(M), /or some z G /; 

T (y*) c ss(if) c 7 (y^) u u, (F() > ej( ,)y', Vj g /. 

Moreover, all elements in Vy D . are obtained in this way. The assignment K ^ K in §6B\) 
defines a bijection Vt — > ^Pt®wd'- 

Proof. We shall prove the statement by induction with respect to the dimension of T. The 
statement is clear when T = by Lemma 17.5.21 and the choice of Y^ n . Suppose that the 
statement holds for any proper subspaces in a non zero vector space T. Then there exists a 
vertex i G I such that £{(K) > 0. Set r = £i(K) > 0. Then, by Lemma 17.2.11 there exists a 
simple perverse sheaf L G Vf for some subspace T in T with Si{L) = such that 

F i f ) -L = K@M, where e<(M) > r. 

By induction, we have 

L-£ n = L@N, where L G P^ D . and N G Q|" D . , 

for V a certain proper subspace in V . Moreover, the complexes L and N satisfy £i(L) = 
and £i(N) > and £j(N) > £j(L) for any j G /. From this and by Lemma [7.2.11 we see that 
there is a unique simple perverse sheaf K in Jy|^ • L ■ £ n such that Si(K) = r and that is 
a direct summand of J 7 ^ • L. Observe that 

} L © } iV = jf) . L • £ n = K ■ £ n © M ■ £„, 

and £i(M • Q,£i(^ r) N) > r. We see that K has to be a direct summand in K ■ £ n , i.e., 

/\' -C, /\ .1/. for some M G Q^. such that e *( M ) > r - 

We are left to show that £j(K) = £j{K) for any j G I and the claim on their singular 
supports. (This will automatically imply that £j{K) < £j(M) for any j G J.) By the 
induction assumption, we have 

7 (Y £ ) C SS(L). 

This implies that 

l(Y R ) = f[ 1 (Y L )CSS(rt r) -L), 

where the equality is due to Proposition 17.5.31 Now the complex K is the only one in J 7 ^ • L 
such that £i{K) = r and the evaluations of £{ at all other simple summands have values 
strictly larger than r. So 

j(Y R ) C SS(K). 
This implies that £j(K) = £j(Y(K)) = £j(K) for any j G /. 
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Since L e VR D ,, so is K. Otherwise, it will lead to a contradiction by Lemma \7. 2. II The 
statement (155]) follows. 

Now we show that all elements K in Vy D . can be obtained in the above way. If Si(K) = 
for all i G /, then K = £ n . The proof is trivial. If there is an i such that Si{K) ^ 0, then 
we can use a similar argument as above to show that there is a complex K e Vt for some T 
such that condition f[6"5]) holds. □ 

By combining Propositions 17.5.31 and I7.5.4[ we have the following commutative diagram 

Vt ► n >D . 

Y. 

Hv > n^D., 

where Y,(K) = ^{Yr)- Since all three unnamed maps are bijective, we see that Y, is bijective. 
This is a second proof of Proposition 17.4.21 

7.6. Grothendieck group Kd*- Let pJCd* be the A-module with basis Vd*- Let JCd* be 

the Q(t> )-vector space Q(v) Cg>A aKd*- The functors J 7 ^ and {RS 11 ^ and 7^ defined in 
Section [53] descend to linear maps on Kd*- We shall use the same letters to denote these 
linear maps. 

From these linear maps, we can define a U- module structure on )Cd*, and a AU-module 
structure on a^d*- The functors correspond to the action F^ l \ By (TTOT) and the fact 



that (r and fj gets identified with {R, and 7^ in |L93j . the ^-action on Kd* is defined by 

(66) ^)-^» W) y _ 

It can also be expressed as 

(67) Ei(x) = (Dv^ x ^ iTZ(D(x)) - v^ x ^ iTZ(x))/(v - v' 1 ), Va; e /C D ., 

where D is the Verdier duality functor. The action Ki is corresponding to the shift functors 
P i — y P[(i, A — v)\ in Qv,d-- By (jTOl) . we see that the module /Cd* equipped with the defined 
actions is a U-module. Moreover, we have 

Theorem 7.6.1. There are isomorphisms 

(68) A M X 2 ® A y A1 ~ VCd-, M a2 <g> \/ A i ~ /C D ., 
as aU -modules and XJ-modules, respectively. 

Proof. By an argument similar to ( TT8|) . we have a surjective homomorphism of U-modules: 

M A 2 <8) \/ A i -» /C D .. 

By Theorem I7.4.4[ the spaces M A 2 <g> V A i and /Cd« have the same dimension at each level. 
So the above morphism is an isomorphism. The result over A is proved in a similar way. 
Theorem follows. □ 

Under the isomorphism in the above Theorem, we see that Vd* is a basis of M A 2 <g> V^i. 
We shall show in the following that it is the same as the canonical basis of M A 2 <g> V^i defined 
in an algebraic way. 
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The involution D : K,£>» — > K,£>> is compatible with the U action on JCo- in the sense that 
we have 

T>(E iX ) = Ei(T>(x)), B(F iX ) = F(D(x)), B{K iX ) = K^B{x), 

for any i G I, x G /Cd»- Indeed, the compatibility of D with Ei follows from (1671) and the 
compatibility of D with Fj and K^ is obvious. 
Let 

* : M A2 <g) \/ A i ->• M\2 <g) VV, 

be the unique involution defined in [L93j 27.3.1] such that 

\[>(/x) = fx, ^(Eix) = E { x, ^(Fix) = and ^(Kx) = K^x, 

for any / G Q(v), x G M A 2 <g) V A i and 2 G /, where x H- x is the bar involution defined as the 
tensor product of bar involutions on M A 2 and V^i , respectively. 

Corollary 7.6.2. We have the following commutative diagram: 

M\2 <g> V x i > IC D . 

D 

M A 2 ® V x i > K D ., 

where the horizontal morphisms are from Ifhl^) . 

This can be proved by two steps. The first one is observed that the above diagram 
commutes for any elements of the form x£ A i Cg) £ A 2 in M A 2 eg V^i . The second one is that the 
diagram commutes for the rest elements can be proved by induction because the involutions 
\1/ and D are compatible with the U-actions. 

Recall from [L93[ 1.2.3], we have a unique symmetric bilinear form on U~ subject to the 
following properties: 

(1,1) = 1, (F h Fj) = <%J3^Z5, (FiX,y) = — ^(*, 

for any i,j G / and x, y G U~, where : U — > U~ is a linear map defined by 

jr(l) = 0, ir(Fj) = 5ij, ir(xy) = ir(x)y + v^' % x ir{y), x,y homogeneous. 

As vector spaces, U~ is isomorphic to M A . So the bilinear form transports to M A . Recall 
from |L93l 19.1.1], we have a unique symmetric bilinear form on V\ subject to the following 
properties: 

(f a, 60 = 1, (EiX, y) = (x, vKiFiy), {K { x, y) = (x, Km), (i^x, y) = (x, vK^Em), 

for any x, y G V\ and i £ L We define a bilinear form on M A 2 eg V\i by (xi <S> X2, yi <S> 2/2) = 
(xi, yi)(x2, 2/2) for any xx,y\ G M A 2 and X2, 2/2 G V^i. It is straightforward to show that the 
bilinear form on M A 2 eg V" A i satisfies the following properties: 

(0i(xi ® x 2 ), yi <g) y 2 ) = 1 _ ^-2 ( Xl ® X2> ^(^i ® ^ 2 ))' 
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for any xi,yi G M\2, x 2 , y 2 G V\i, where fa and Cj, for any i E I, are defined by 
® x 2 ) = F i x 1 ® K^ 1 x 2 + xi® FiX 2 , 
€i(xi ® x 2 ) = jr(xi) <g> A^ 1 ^ + - w^ 1 )^! <g> K^ l EiX 2 , Mxi ® x 2 G M A 2 <g) V^i. 
Similar to |L93I 13.1.6-13.1.12], we can define geometrically a bilinear form on /Cd»: 

(,) : Kjy. x 
subject to the following properties: 

(L d , L d ) = 1, (A, A") G <k iJC , + u-'Zfti;- 1 ]] n Q(v), ViT, A" G P D ., 

(P.A, A') = - — - — -(A", ^fZ(K')), VA, A' G P D ., 
1 — v z 

where jK = Do ^ o D, which gets identified with the linear map (r on U^. 

It is clear that the data (fa, e^i G /) are compatible with the data (F i: {R\i G I) under 
the isomorphisms in Theorem 17.6.11 The above analysis shows that we have the lemma. 

Lemma 7.6.3. The following diagram commutes: 

(M\2 <S> V\i) <E> (M\2 <S> V^i) -^U Q(v) 

Kjy X Kjy Q{v), 

where the vertical map is induced from $6$) . 

Similar to |L93l Theorem 14.2.3], we have 

Theorem 7.6.4. For any element A G Kj>», ±A G Vd* if and only if A satisfies the 
following conditions: 

A G JC D ., D(A) = A, and (A, A) G 1 + iT 1 ^ -1 ]]. 

We can use the module M A i ® V\2 and its involution \l/ to define the so-called based 
module, (M A i ® Vx2,P ) in an algebraic way similar to [L93, 27.1.2, 27.3], where we need 
to use the notion of crystal basis given in |K91l 3.5] . The basis P<> is called the canonical 
basis (or global crystal base) of M\i £g> V\2. Moreover, by Corollary 17.6.21 Lemma [7.6.31 and 
Theorem 17.6.41 we have 

Theorem 7.6.5. The pair (/Cd»,Pd») together with the involution D is isomorphic to the 
based module (M\i <g> Vx2,P ) with associated involution 

Remark 7.6.6. (1). The two spaces ICd* and K(d # ) are not the same in general, except 
when A 2 = or A 1 = 0. 

(2) . It is very interesting to interpret naturally the Abaction as a complex of functors by 
using f)66p or the expression in Lemma 13.1.21 

(3) . The data (M\2<giV\i, (pi, ej)u e j is a module of Kashiwara's reduced q-analogue in |K91j . 

(4) . Note that the modules /C^. are projective modules in the Bernstein-Gelfand-Gelfand 
category O of the quantum group U in |BGG76l IH08[ lAMllj . We are very close to recover 
all indecomposable projectives P\ with A G X in O from this geometric setting. 
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7.7. Stability conditions for Qv,d*- Recall from Section I7TT] A/V,d* is the full subcategory 
of Qv,d» generated by the simple objects K satisfying the local stability condition (155]) : 

Supp($^ K) C E niii) >i(V, D), for some i in J. 

One can show that the condition is equivalent to the condition that the complex if is a 
direct summand, up to a shift, of the complex •£(ii, a i)<fi(i2 ) a 2 )(i ) d?+i)<i 2 f° r some % G I. 

Similar to M.y.p m Section 16.3] we define M.v,d* to be the full subcategory of Qv,d* 
consisting of all complexes K satisfying the following global stability condition: 

(69) SS(if) D U s ViD . = 0. 

Theorem 7.7.1. We have N v ,d* = M v ,d>- 

Proof. The proof is similar to Proposition 16.3. 11 Suppose that if is a simple object in A/\/,d«- 
Then we may assume that if is a direct summand of the complex -^(ii ja 1 )d 1 (i 2 ,a 2 )(i,d 2 +i)d 2 f° r 
some i G i. By Proposition 17.3.2] SS(if) C K(ii ja ivi(i2^ 2 )(M 2 +i)<z 2 defined in Section 17.31 
Suppose that X is an element in the latter variety. Then it is clear that X(i) is not injective. 
Thus ^(ii i a 1 )d 1 (i 2 ,a 2 )(i, ( i 2 +i) ( i 2 n I1^ D . = 0. So we have K G Mv,d*, i-e., Afv,D m Q Mv,d*- 
Moreover, the following sets have the same cardinality ^i^^diml^i ,,! ® T X 2y: 
the set, say Si, of isomorphism classes of simple perverse sheaves in Mv,D m \ 
the set, say 5*2, of irreducible components in Uv,d> disjoint from U VD .. 
Indeed, the fact that #Si = #5*2, can be proved in a similar way as that of Y, is bijec- 
tive in Proposition 17.4.21 by taking consideration of the fact that if Y G S2, then Y is in 
some subvariety of the form ?(ii ) ai)di(i 2 ,a 2 )(i 1 <^+i)d 2 - And the fact that their total numbers 
of elements are ^2 v i +v 2 =v ^ m VxV 1 ® ^AV 2 follows from the fact that the total number of 
irreducible components of H VD . is ^2 u i +ll 2 =l> dim Vxiy (g) V X 2y by Propositions 14. 7. II and 
Theorem 17.6.11 

By Proposition 17.4.2] the assignment K h->- Yk defines a bijection <fi : S\ — > S%. By 
using Proposition 17.4.21 and a similar argument in the proof of Proposition 16.3.11 we have 
v,D'- The theorem follows. □ 

Let a^d* and Cn* be the spaces defined similar to JCd- and fCo m , respectively, if we 
replace Qv,d* by its quotient category Vv,d* in Section 17.11 By Theorems 17.6.11 and 17.7.1] 
we have 

Corollary 7.7.2. A V^2 ® aKx 1 — &Pd* and V X 2 <8> V x i ^ C D >. 
Let 7T£). : /Cd* — > £>d* be the natural projection. Let 

B D . =n D .(V D .)\{0}. 

It is clear by Theorems 17.6.11 and 17.7.11 that £>£>• is a basis of A V\2 £g> ^/ x i under the above 
isomorphism. Moreover, the involution D induces an involution D on commuting with 
the involution \1/ on V X 2®V X \ defined in |L93] 27.3.1] and the crystal structure on Vd* induces 
a crystal structure on Bz>». 

Corollary 7.7.3. (£d«, B&) with the associated involution D is a based module in the sense 
of [L93] 27.1.2], isomorphic to {V X 2 ® V x i,B ), where B is the canonical basis ofV\2 <g> V\i. 
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The above analysis shows that the pair (Cd*-,Bd*) satisfies the conditions |L93l 27.1.2, 
(a)-(c)]. The condition [L93, 27.1.2, (d)] can be proved by a result for Vd* analogous to |L93j 
Proposition 18.1.7], which is left to the reader. The identification of Bd' with B is due to 
a similar diagram as that in Corollary 17.6.21 

Remark 7.7.4. Note that Corollaries 17.7.21 and 17.7.31 are first proved in |Zh08j by a different 
method. 

The above results implies that the second row in (I6TI) is a categorical version of the exact 
sequence —> T X 2 © V x i ->■ M X 2 <g> V x i ->■ V X 2 © V A i -> 0. 

8. General case 

The results in Section [7] can be generalized directly to the tensor product of N copies of 
irreducible integrable representations. We will state the analogous results in this section. 
The results can be proved inductively or by mimicking the one in the N = 2 case. 

8.1. Results on U VD .. We fix A 1 , ■ • • , A^ in X, d\ ■ ■ ■ , d N in N[I] and L>\ • - • ,D N such 
that 

\ = \ 1 + -.. + \ N , d = d 1 + --- + d N , and D = D N © ■ ■ • © D 1 , 
and d\ = X a (i) = dim/}", for any i G I and a — 1, • • • ,N. Let 

D' = (D° D D l D ■ ■ ■ D D N ) 

be the flag with D a = @^ =a+ iD b for a = 0, • • • ,N. The tensor product variety Hv,D m is the 
closed subvariety of A.y,D consisting of all nilpotent elements X = (x,p,q) such that 

(70) p(D a ) C g- l (D a+1 ) Va = 0,--- ,N-2 and p^" 1 ) = 0. 

When N = 2, this is the same as the one defined in (126j) . 
One can prove inductively the following results. 

Theorem 8.1.1. The following statements hold. 

(1) Hv,D' has pure dimension ^ dimE(V, D) . Moreover, 

yi.D 1 x " " " x LyJV-l £)AT-l X LyiV^iv), 

where the sum runs over the representatives (V 1 , • • ■ , V ) o/ (z^ 1 , ■ • • , u N ) such that 
v l + ■ • • + u N = v = dim V . 

(2) The set Itt(D') = Uylrrlly^., equipped with a crystal structure defined similar to 
that in Section \4~1\ is isomorphic to the crystal B^X 1 ) © • • • © ^(A 7 ^ 1 ) © B(X N , oo). 

Note that if we consider the class of constructible functions on Hy^*, similar to the 
complexes La, we will get a geometric realization of the module of the enveloping algebra U 
associated with the graph T, similar to the module M x n © V x n-i © • • • © V^i. The E^-action 
can be defined in a way similar to that of M x in |GLS06] . A basis for this U- module can 
also be obtained as the semicanonical basis for U~ in [LOOaJ. 
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8.2. Results on Vy,D'- Let 

a := (i 1 , a 



i ^ . d i . . . fi^v-i a^" 1 ) • d N ~ x ■ (i N , a") ■ d N . 



We can define the object Qv,d-, Vv,d», Vd*, Nv,d*, M-v,d*, Vv,d* Bd* and Kd» in exactly 
the same manner as those in Section [71 Moreover, the results in Section [7J are still true 
with minor modifications. The proofs are similar to those in N = 2 cases by taking into 
consideration of Proposition 18.1.11 In particular, we have 

Theorem 8.2.1. (1) The set Vd*, together with the crystal structure defined similar to 
the one in Section^T^ is isomorphic to the crystal B^X 1 )®- • ■®B(X N ~ 1 )®B(X N , oo). 

(2) For any K G Vvd* > its singular support satisfies a similar relation as in Proposition 

(3) (K-d'jVd') is isomorphic to the based module (M a jv £g> V\n-i <8) V\n-2 <S> • • ■ <S> V\i, P ), 
where P c is the canonical basis of M x n <S> V x n-i <S> V\n-2 <S> ■ ■ ■ <E> V\i . 

(4) My,D' = M V ,D'- 

(5) The based module {Cd-^Bd*) is isomorphic to (V^.,5 ) where B is the canonical 
basis of V\» . 

Note that (5) has been proved in |Zh08] by a different method. 
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